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Abstract. The theory of surfaces in Euclidean space can be naturally formu- 
lated in the more general context of Legendre surfaces into the space of contact 
elements. We address the question of deformability of Legendre surfaces with 
respect to the symmetry group of Lie sphere contact transformations from 
the point of view of the deformation theory of submanifolds in homogeneous 
spaces. Necessary and sufficient conditions are provided for a Legendre surface 
to admit non-trivial deformations and the corresponding existence problem is 
discussed. 



Introduction 

The classical problems of applicability of surfaces in Euclidean, projective and 
conformal geometry fit into the general theory of deformation of submanifolds in 
homogeneous spaces as formulated by E. Cartan and further developed by 
P. Griffiths and G. Jensen ^JE3- Two submanifolds in a homogeneous space, 
/, / : M — > G/K, are k-th order deformations of each other if there exists a smooth 
map v : M — > G such that, for every p E M, the Taylor expansions about p of / and 
v(p) ■ f agree through fc-th order terms; if v is constant, / and / are congruent with 
respect to G. Of course, for each concrete geometric situation there is a specific 
problem to solve. In Euclidean space, two surfaces are applicable in Gauss' sense 
if they are first order Euclidean deformations of each other, which means they are 
isometric with respect to the induced metrics, and are congruent to second order. 
In projective 3-space, Fubini's notion of applicability of surfaces goes to second 
order and rigidity to third order. In Mobius and Laguerre geometry, second order 
deformable surfaces coincide with isothermic and L-isothermic surfaces, respectively 

0I1G1]. 

This paper studies the deformation problem for surfaces in another classical 
geometry: Lie sphere geometry. It is the outcome of our attempts to understand Lie- 
applicable surfaces within the general theory of deformation. Lie-applicable surfaces 
were considered by Blaschke and his collaborators in the 1920s 0]. Recently, interest 
in Lie-applicable surfaces has reappeared in the work of Ferapontov concerning the 
relation between Lie sphere geometry of hypersurfaces and the theory of integrable 
systems PUT). 
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To put our discussion in perspective let us recall some facts about Lie sphere 
geometry. Any smooth immersion of an oriented surface into 3-space has a contact 
lift to the unit sphere bundle A of S 3 = M 3 U {00} called the Legendre lift. The unit 
sphere bundle is acted on transitively by the group of Lie sphere transformations. 
This group is the group of contact transformations generated by the conformal 
transformations of S 3 together with the group of normal shifts, which transform 
an oriented surface to its parallel surface at a fixed oriented distance in the normal 
direction. Thus the Lie sphere group acts on the set of Legendre surfaces. The 
principal aim of Lie sphere geometry is to study the properties of an immersion 
which are invariant under this action |SJ [231 - Blaschke associated with any 
Legendre surface a canonical coframe C and proved that the position of a generic 
Legendre surface is completely determined by its canonical coframe, up to Lie sphere 
transformations. However, he observed that there are exceptions to this rigidity 
result. Accordingly, two non-congruent Legendre immersions /, / are called Lie- 
applicable if C = C. As we will see in Section [21 examples of Lie- applicable surfaces 
include the Legendrian lifts of isothermic and L-isothermic surfaces, which are 
known to constitute integrable systems |SJ [21 [2] ■ 

In the paper, we think of A as a homogeneous space of the identity component 
G of the Lie sphere group. We will prove that two (nondegenerate) Legendre 
immersions are Lie-applicable if and only if they are second order deformations of 
each other; that two Legendre immersions are always local first order deformations 
of each other; and that they have third order rigidity. Further, we show how to 
recognize that a Legendre surface is deformable and in this case how to find all its 
deformations. 

In Section^ we collect some background material about the Lie sphere geometry 
of surfaces and develop the method of moving frames in this context (see 01 El)- 
We identify A with the space of isotropic 2-spaces in R 4 ' 2 and linearize the action 
of Lie transformations. In this model, the identity component of 0(4, 2) acts on A 
by contact diffeomorphisms and provides a double cover of G. We then apply the 
method of moving frames to study Legendre surfaces and recall the construction 
of a canonical lift to the group G under a natural nondegeneracy assumption. For 
any Legendre surface, we introduce the canonical coframe (a 1 , a 2 ), which turns out 
to be the analogue of that considered by Blaschke @], and the quadratic and cubic 
forms of the surface. We define a set of local differential invariants qi , qi, p\ , P2, r\ , r 2 
for a Legendre surface and relate them to the classical ones discussed by Blaschke 
and Ferapontov. We then deduce the compatibility conditions, which play the role 
of the Gauss-Codazzi equations for a Legendre surface in Lie sphere geometry. The 
functions q\,q2,p\,P2 are completely determined by the canonical coframe, while 
r ii r 2 govern the extrinsic geometry of the Legendre immersion. 

In Section [21 we investigate the class of Legendre surfaces which are not deter- 
mined by the canonical coframe. We take the point of view of the deformation 
theory of submanifolds in homogeneous spaces. We introduce the concept of defor- 
mation and discuss the related questions of analytic contact and applicability. We 
study the problem of second order deformation of Legendre immersions and prove 
that two nondegenerate Legendre immersions are second order deformations of each 
other precisely when they are Lie-applicable, or equivalently, when they have the 
same quotient of cubic to quadratic forms (see Theorem 12. 10(1 . 



DEFORMATION OF SURFACES IN LIE SPHERE GEOMETRY 



3 



In Section |21 for a given Legendre immersion, we introduce a suitable linear 
connection on the trivial bundle M 2 x M 3 and show that the existence of non-zero 
parallel sections with respect to this connection is a necessary and sufficient con- 
dition for the Legendre immersion to have non-trivial deformations. In particular, 
we show that the non-trivial deformations of nondegenerate Legendre immersion 
depend on three parameters at most. The above characterization allows the intro- 
duction of free parameters in the Maurer-Cartan form of the canonical frame of a 
deformable surface without violating the structure equations, and suggests the ex- 
istence of a Backlund transformation for the class of deformable Legendre surfaces. 
We will return on this topic elsewhere. 

In Section^ we discuss some examples of deformable Legendre immersions. 

In the last section, we study the existence of deformations. We use the charac- 
terization of deformable Legendre immersions in terms of parallel sections to set 
up the exterior differential system of a deformation. We then prove that this sys- 
tem is in involution in Cartan's sense and that its general solutions depend on six 
functions in one variable. 

1. Surface theory in Lie sphere geometry 

In this section, we briefly recall the basic structure of Lie sphere geometry and 
develop the method of moving frames for immersed surfaces in the context of that 
geometry. More details about Lie sphere geometry are given in the recent mono- 
graph of Cecil 8 , in the book of Blaschke 0], or in Lie's original work |lfi| . 

1.1. Legendre immersions. Let S 3 be the unit sphere in R 4 and identify the unit 
tangent bundle A = TiS 3 with the set of all pairs (i>,£) € S 3 x S 3 such that v is 
orthogonal to £, i.e., 

A = {(v, ^)£S 3 xS 3 cK 4 xR 4 |d^ = 0}. 

Let 7Ti, 7T2 : TiS 3 — > S 3 denote the restrictions to A of the canonical projections of 
S 3 x S 3 onto its factors. Then the equation dni ■ tt 2 — defines a 4-dimensional 
contact distribution T> on A. 

If F : M 2 — > S* 3 is an immersed surface oriented by a field of unit normals n, 
then (F, n) : M 2 — > A is an integral submanifold of T>. In general, an immersion 
/ : M 2 — > A which is an integral submanifold of V is called a Legendre surface. The 
Lie sphere group, that is, the group generated by the conformal transformations of 
S 3 together with the group of normal shifts, which transform an oriented surface 
to its parallel surface at a fixed oriented distance in the normal direction, preserves 
the contact distribution T> and acts naturally on the space of Legendre surfaces. 

If / = (F, n) : M 2 — > A is a Legendre immersion, the smooth map F : M 2 — > S 3 
need not be an immersion. However, without loss of generality, we can always 
assume (applying if necessary a normal shift) that F is locally an immersion. This 
follows from a result of Pinkall 123 (see also stating that, for each p £ M 2 , 
there exists t G [0, 7r) for which the parallel surface F t = cos tF + s'mtn is locally 
an immersion. 

We recall that the curvature sphere at p G M 2 corresponding to a principal 
curvature fcj is the oriented sphere in oriented contact with F(M 2 ) at F(p) and 
centered at the focal point determined by the principal curvature ki. The notion 
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of a curvature sphere is invariant under Lie transformations. For instance, if F : 
M 2 — > R 3 is an immersed surface oriented by the field of normals n : M 2 — > S" 2 , then 
(F, n) : A/ 2 — > R 3 x S 12 C A is a Legendre surface. In this case, the curvature spheres 
at a point p £ M 2 are the oriented spheres <Ti{p) centered at F(p) + ki(p)~ 1 n(p), 
with signed radius k^p)^ 1 , i — 1,2. When fc,(p) = 0, then is the oriented tangent 
plane of the surface at F(p). 

Definition 1.1 (Nondegeneracy condition). We say that a Legendre surface / = 
(F, n) : M 2 — > A is nondegenerate if -F is umbilic free and both the curvature 
spheres corresponding to the principal curvatures hi, ki are immersions into the 
space of oriented 2-spheres in S 3 (including points). 

1.2. Moving Lie frames for Legendre surfaces. Let R 4,2 denote R 6 with the 
symmetric bilinear form 

(1.1) (X, Y) = -(x°y 5 + x 5 y°) - {x 1 y A + x^y 1 ) + x 2 y 2 + x 3 y 3 = l XgY 

of signature (4, 2), where (x J ) and (y J ) are the coordinates of X and Y with respect 
to the standard basis (eo, . . . , £5) of R 6 . Let G be the connected component of the 
identity of the group 

{At GL(6,R) I'Ag A = g} 
of linear transformations which leave the form (|1.1|) invariant and let g = {B E 
g[(6, R) I t Bg+gB = 0} be its Lie algebra. For each A £ G, we denote by Aj = A-ej 
the J-th column vector of A. Regarding each of the vectors Aj as a vector- valued 
function v : G — > R 6 on G, since the Aj form a basis, there exist unique 1-forms 
ujj, I, J £ {0,1, ... , 5}, so that 

(1.2) dAj = u) I J A I , J = 0,...,5. 

(We use the summation convention on repeated indices.) The 1-forms u)j are the 
components of the left-invariant Maurer-Cartan form w = A~ 1 dA of G. They 
are connected by relations obtained from the differentiation of (Aj,Aj) = gu, 
I, J £ {0,1, ... , 5}, which are 

(1.3) t cog + guj = 0, or ufg K j + Uj9Ki, I,J £ {0,1,..., 5}, 
and reflect the structure of the Lie algebra g. The forms 

W l) W 0' ^l, U>1, <jj\, Lo\, UJq, w|, uP 2 , uj°, uj\, w2 

yield a left-invariant coframe field on G. Differentiating 1)1.2(1 . we obtain the struc- 
ture equations of G, which are 

(1.4) dto = -uAuj, or dujj = -iJ K A u>j , I, J £ {0, 1, . . . , 5}. 
For each X £ G, the Maurer-Cartan form gj transforms as follows 

(1.5) R* x (uj) = X^uX. 

The projectivization Q — P(£) of the light cone C of R 4,2 is known in the classical 
literature as the Lie quadric. In Lie sphere geometry, the Lie quadric parametrizes 
the set of all oriented 2-sphere in S 3 , including points, and the lines in Q correspond 
to parabolic pencils of spheres in oriented contact. The set of all lines in Q, that 
is, the isotropic Grassmannian of null 2-planes through the origin in R 4,2 , forms a 
smooth manifold which can be identified with A (for more details see [H]). Under 
this identification, the group G acts transitively on A by the usual action of G on 
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the Grassmannian G2(R 4,2 ) and preserves the contact structure. The projection 
map 

(1.6) tt a : A e G -> A[e A a] = [A A A t ] e A = G/G , 

defines a principal Go-bundle over A, where Go is the isotropy subgroup at the 
chosen origin [e A ei]. 

A Legendre surface / : M 2 — » A may then be represented by two maps Fq,Fi : 
M 2 -> C such that / = [F A Fx], (dF ,Fi) = and {F ,Fx) = 0. Of course, 
such a representation is not unique. For example, if F : M — > M 3 is any smooth 
immersion in R 3 , oriented by a field of unit normals n : M 2 — > S 2 , then the Legendre 
lift / = [Fa A Fi] is given by 



(1.7) 



l,j=F\F*,F*,-±F\lF.F 
^*(0,i(l + n 1 ),n 2 ,n 3 ,^(l-n : 



,n- F 



A frame field along a Legendre surface / : M 2 — > A is a smooth map A : U — > G 
defined on some open subset of M 2 such that / = [Ao A AjJ. For each local frame 
A : U — > G we let a = A*uj. The Legendre condition simply means that the form 
afj vanishes identically. Any other local frame is given by A — A ■ X, for some 
smooth map X : U — * Go, and the 1-forms a and a are related by 

(1.8) a = X~ l dX + X- l aX. 

The totality of frames along / is the principal Go-bundle ^o(/) —> M 2 , where 
Mf) = {(P, A) e M x G \ f( P ) = [A Q A Ai]}. 

The canonical frame. Following the usual practice in the method of moving 
frames, we can construct a canonical lift to the group G/Z2 for any nondegener- 
ate Legendre surface. The idea of the procedure is at each step to normalize the 
Maurer-Cartan matrix of a frame along / as much as possible, and then take the 
exterior derivative of the equations expressing this normalization, thereby leading 
to the next step. Similar preferred frames have been given by Blaschke 0] and 
Ferapontov [HI Here, we skip the construction. 

Theorem 1.2 (Existence of the canonical frame). Let f : M 2 — > A be a nondegen- 
erate Legendre immersion of an oriented surface M 2 . Then there exists a unique 
lift [A] : M 2 — > G/Z2 satisfying the Pfaffian equations 

(1.9) a„ = Qfg = a\ = a| = - a\ — a° - a 3 , = a° — a 3 = 
with the independence condition 

(1.10) a^Aa 2 >0. 

[A] is called the canonical frame field along f. Let a 1 = «g and a 2 = a 2 . The 
coframe (a 1 , a 2 ) on M 2 is referred to as the canonical coframe of f . The bundle 
of canonical frames along f we will be denoted by J-(f) — > M 2 . 

Definition 1.3. The quadratic form $ and the cubic form ^> of the immersion / 
are defined by 

(1.11) ^-aV, * = -(a 1 ) 3 + (a 2 ) 3 , 
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respectively. The quotient B = of the cubic form \1/ to the quadratic form 

$ is a well defined map B : T(M) RU {00} which is a rational function when 
restricted to the tangent spaces T p (M). B is called the Fubini-Blaschke invariant 
off. 



The invariant functions. The only non zero components of the Maurer-Cartan 
form a of the canonical frame are a 1 = o.q, a 2 = a\ , and a®, a\, a\, a\, a®, a%. 
From the exterior differentiation of (|1.9(l and the structure equations, it follows that 
there exist smooth functions 51,92, Pi,P2, and ri,r2 such that 

!«o = —291a 1 + q 2 a 2 , a\ — —qict 1 + 2q 2 a 2 , 

a§ = not 1 + p 2 a 2 , a\ — pia 1 + r 2 a 2 , 
a° = -r 2 a 1 + r^a 2 , 

We shall refer to these functions as the invariant functions of /. Using the structure 
equations, we obtain 

(1.13) da 1 = a° A a 1 , da 2 = a\ A a 2 , 

(1.14) da® = (a 2 — a®) A a 1 , da\ = (a 1 — a\) A a 2 , 

(1.15) da\ = -a\ A a\, da% = -a° Aa°, da® = -(a® + a\) A a°. 
In terms of the invariant functions, these equations become 

(1.16) da 1 — —q 2 ct l A a 2 , da 2 = — gia 1 A a 2 

q 17 s f —2dq\ A a 1 + dq 2 A a 2 = (p 2 — q\q 2 — \)a x A a 2 , 

^ ' ' \ — dgi A a 1 + 2dq 2 A a 2 = (-pi + qiq 2 + I ja 1 A a 2 , 

!dv\ A a 1 + dp 2 A a 2 = (2q 2 r x + iqip^a 1 A a 2 , 
dpi A a 1 + dr 2 A a 2 = (2q\r 2 + 3q 2 pi)a 1 A a 2 , 
— dr 2 A a 1 + dr\ A a 2 = 4(giri — ga^a)" 1 A a 2 . 

Equations (|1 . lf>|) and (|1.17|l tell us that the invariant functions q\, q 2 , p\, and 
p 2 are determined by the canonical coframe. Equations (|1.18|) can be viewed as 
compatibility conditions arising from the fact that the canonical coframe is obtained 
from the Legendre immersion. Thus, we may think of (|1.16(l and l|1.17fl as the Gauss 
equations and of Ql.lSjl as the Codazzi-Mainardi equations of the immersion. 

Relations with Euclidean geometry. Let / : M 2 —> A be the Legendre lift of an 
oriented immersion F : M 2 — > K 3 with Gauss map n = (n 1 , n 2 , n 3 ) and suppose / is 
nondegenerate. Let (it, v) be curvature line coordinates on M . Then the canonical 
coframe takes the form 

1 ~ 1 1 

a 1 = k _ fc {^fe- 1 g{k 1 ) u (fc 2 ) 2 ) 3 dv, a 2 = — _ ^ (v 'eg- 1 (fci) 2 (fe 2 ) v ) 3 du, 

where e and g are the coefficients of the first fundamental form of F with respect 
to the coordinate system (u, v). Moreover, the quadratic and cubic forms takes the 
form 

* = 71 r^j( fc i)«( fc 2)« dudv 

(fci - k 2 y 



DEFORMATION OF SURFACES IN LIE SPHERE GEOMETRY 



7 



Observe that a 1 = {ft^Y^dv and a 2 = (/3 2 'y) 1 ' 3 du, where /3 and 7 are given by 

P = -, — l —r^Jeg- 1 (ki) u , 7=- r \/e- 1 g (k 2 ) v . 

K\ - k 2 «2 — Kl 

Using the above structure equations, the invariants qi,q 2 ,Pi,p 2 can be expressed 
in terms of /3 and 7. For example, 

The invariants /? and 7 correspond to the invariants p and g considered by Fer- 
apontov p. 207, and Blaschke 0] in the construction of the canonical frame. 
Note that the vanishing of both (3 and 7 is equivalent to the condition that the 
principal curvatures are constant along the corresponding principal foliations. This 
property characterizes the cyclides of Dupin. If one of the two principal curvatures 
is constant along the corresponding principal foliation, the surface is the envelope 
of a one-parameter family of oriented spheres (including planes and point-spheres), 
and we are in presence of a canal surface. 



Remark 1.4. Associated with any nondegenerate Legendre immersion / there is the 
3-web formed by the asymptotic lines of the quadratic form <!> and by the cyclidic 
curves 1 , i.e., the curves along the zero-directions of the cubic form ty. In view of 
f| 1 . 1 If) - the curves of this web can be defined in terms of the canonical coframe by 
the Pfaffian equations 

(1.19) a x =0, a 2 = 0, a 1 - a 2 = 0. 

The connection form of the 3-web is the 1-form uniquely determined by the 
equations 

da l = Q w ha l , da 2 = ( w Aa 2 . 
Equations l|1.12|l and (|1.13(l yield 

(1.20) (w = -Qia 1 +q 2 a 2 . 

From (|1.20|) one then computes the curvature of the 3-web, which is 

(1.21) fl» = i(pa-Pi). 

The surfaces for which the curvature vanishes identically are called diagonally cy- 
clidic (see HE]). 



The family of curves which are orthogonal to the cyclidic curves with respect to the quadratic 
form $ is called anti- cyclidic system. 
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2. Contact, deformation and applicability 

Let us recall the general notion of deformation |14l IT5] . 

Definition 2.1. Let G/K be a homogeneous space and let /, / : N — ► G/K be 
two smooth maps. We say that / and / are k-th order deformations of each other 
if there exists a smooth map B : N — ► G such that, for each point p G N, f and 
B{p)f have the same /c-th order jets at p, i.e., they have analytic contact of second 
order at p. The map B is said to be a k-th order deformation. When B is constant 
the deformation is said to be trivial. A map / : N — ► G/K is said to be deformable 
of order k if it admits a non-trivial fc-th order deformation. 

First, we will express the condition of analytic contact in the special case of 
mappings from a 2-dimensional manifold M into A. For this we need to introduce 
some notations. 

2.1. Analytic Contact. Let (x 1 ,^ 2 ) be a local coordinate system on an open set 
U of M. Let E be a vector space and let S h (U)(g)E denote the symmetric E- valued 
k- forms on U. The symmetric tensor product of s G S h (U) and t G S k (U) will be 
denoted by s ■ t. An element T of S h (U) £g> E has a local expression 

T T^ ^ dx . . . rfx , 

where the coefficients Ti 1 ...i h are E- valued smooth maps, which are totally symmet- 
ric in the indices i\, . . . , i^. We then define the k-th order derivative of T to be the 
E- valued symmetric form of order h + k given by 

5 k (T) = - d Ttl -' h . dx 11 . . . dx ih dx ih +* . . . dx lh+k . 

dx lh + x . . . dx lh + k 

The definition depends on the choice of the local coordinates. Given a pair To, T\ € 
S h (U) (8 E of E- valued symmetric /i-forms and a 2 x 2 matrix p = (p%) S S k (U) ® 
g[(2,R) of symmetric fc-forms we set 

(T , Tx)p = (pgTi + pjT l5 p?T + p^). 

We can state the following 

Lemma 2.2. Let / = [F A Ti] : AT 2 -> A and f = [F A Ti] : M — > A &e two 
smooth maps. Then, f and f agree to second order at p £ M , i.e., they have the 
same second order jets atp, if and only if, for every local coordinate system (x 1 ,^ 2 ) 
about p, there exist 

PoGfl[(2,R), pi eT*(A/) p ®g[(2,R), P2 e S 2 (M)| p ® [(2, M) 

(To|p,Fi| p ) = (F |p, Fi| p )po, 
(2.1) {5F \ p ,5Fi\ p ) = (SFol^SF^po + (F \ P , F^p^ 

(^Folp^Pilp) = (<5 2 To|p,<5 2 T 1 |p)po + ^To|p,<5T 1 |p)p 1 + (T |p,T 1 |p)p 2 , 

Proof. Let (x x ,x 2 ) be a local coordinate system on an open neighborhood {/ of p. 
As G acts transitively on A, we may assume that 

Z(p)=/(p) = [eoAei]. 

The map 

V = (y\ . . . , y 5 ) G M 5 ^ [X (y) A Xi(y)] G A 
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defined by 

f X (y) = Ul,0,y\y 2 iy ^^) 2 + (y 2 ) 2 ]), 
( j I = * (0, 1, y\ y\ ±[(y 4 ) 2 + (y 5 )% yV + tfV - y 3 ) , 

is a local coordinate system of A centered at [cq A ei]. Then, there exists an open 
neighborhood U' C U of p and smooth maps ft, ft : U' — > K 5 such that 

jV = [(*o o ft) A [X x o ft)], /V = [{X o ft) A (X! o ft)]. 

Thus, / and / have second order analytic contact at p if and only if the maps 
G a = X a o h and G a = X a o ft, a = 0, 1, satisfy 

(2.3) G„(p)=G (p), £G a | p = SG a \ p , S 2 G a \ p = 6 2 G a \ p , a =1,2. 
Let us write 

(2.4) (F ,Fi) = (Gi,G 2 )a ) (F ,F 2 ) = (G ,G 2 )b. 

where a,b : U' — ► GL(2,M) are smooth maps. Using (|2.3ll and (|2.4I) . a direct 
computation shows that this is equivalent to (|2.1|l . where po, p\ and p 2 are given 

by " 

!Po = a(p)b(jp)~ l , 
^(H.-m&IpWp)- 1 , 
p 2 - (S 2 a\ p - p 6 2 b\ p - 2 Pl 6b\ p ) b(p)- 1 . 

□ 

Remark 2.3. From the proof of this lemma we see that / and / have first order 
analytic contact at p if and only if there exist po E g[(2,R) and p\ G T*(M) p (g> 
g[(2,R) such that 

f (-Folp, -Flip) = (-folpi -P'i|p)Po 5 
2.2. Deformation of Legendre surfaces. 

Notations 2.4. Given two maps /, / : M 2 — > A, let Foif) an d by J-o(f) be the 
Go-bundles induced on M by / and /, respectively. We let j : Fo(f) — * G an( i 
j : J-o(f) — > G be the natural maps 

j : (p, A) G W) -» A G G, j : (p, A) G ^ (/) -> A G G. 

The pull back of the Maurer-Cartan form of G by j and j will be denoted by 
oj = (u>j) and by u> = (wj), respectively. If A : U — > G and A : [/ — * G are local 
cross sections of ^Fo{f) an d Foif), respectively, then the g-valued 1-forms A~ 1 dA 
and A~ 1 dA will be denoted by a and a. 

2.2.1. Deformations of order zero. A deformation of order zero between / and / is 
a smooth map B : M — > G such that /(p) = B(p)f(p), for every p G M. Thus, i? 
induces a bundle isomorphism £> : J~o{f) Foif) defined by the formula 

B : (p, A) G W) - (P,B(P)A) G ^ (/), V(p,A) G ^ (/)- 

Conversely, every bundle isomorphism between J~"o(f) an d ^o(f) arises from a de- 
formation of order zero. 
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2.2.2. First order deformations. 

Theorem 2.5. A zero-th order deformation B : M — ► G of the two maps f, f : 
M — > A is of first order if and only if the bundle isomorphism B : J-o(f) — > J~o(f) 
satisfies 

(2.6) S§ = B*( W g), w{} = B>g), SS = B>S) 0? = = 

Proof. We have to show that for every local cross section A : U — ► G of !Fo{f), the 
cross section A = iL4 : p e C/ — > B(p)A(p) e G of JFo(/) satisfies 

a = Q!q, 5g = «q, a = a ol\ = a x a\ = a\. 

Recall that B is a first order deformation if and only if the two maps / and B(p)f 
have first order analytic contact at p, for each point p 6 M. The map A' = B(p)A : 
U — > G is a frame along B(p)f and i? is a first order deformation if and only if the 
maps 

F' : q e U [A |, A j4i| g ] € A, F : g e U -> [i |, A Ii| g ] G A 

have first order analytic contact at p. From the characterization of analytic contact, 
it follows that F and F' have first order analytic contact at p if and only if there 
exist p (p) e 0l(2,K) and Pl (p) G T*(M) P ® g[(2, M) such that 



(2.7) 



(io| P ,ii | P ) = (A | p ,Aiyp (p), 

(Molp.^iolp) = {SA' \ p ,5A[\ p ) Pa {p) + (Ad|p,^i| p )pi(p). 



Since A' and A agree at p, we then have 

(2.8) po = Id 2x2 . 
Now, the structure equations of G imply 

(2.9) dA' = a$A'j, dA[ = a{A'j, dA Q = a$Aj, dAt = a(Aj, J = 0, ... ,5. 
Substituting JZHJ) into l|2~7| yields 

«ol P = aolp. "oIp = q; oU aolp = a oU Oi\\ p =o^\ p , a\\ p = a\\ p 

and 

Pi(p) = 



*olp a olp ^llp a ilp 

~4\p- a h\ P — «iIp 



Since p has been chosen arbitrarily, we can conclude that the equations 

al = ul, a>l = al, = eft, a\=a\, a\ = a\ 
are identically satisfied on U. This gives the required result. □ 



As an application of Theorem 12 . 51 we have 

Corollary 2.6. If f, f ■ M 2 — > A are first order deformations of each other then f 
is a Legendre immersion if and only if f is a Legendre immersion. 
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2.2.3. Second order deformations. We begin by proving the following 

Theorem 2.7. Let f, f : M — ► A be two nondegenerate Legendre immersions. 
Then f and f are second order deformations of each other if and only if there 
exists a bundle isomorphism 

B : HI) - Hf) 

such that 

(2.10) Cj 3 =B*(u; 3 ), C?=B*(w?). 

Proof. Let U C M be any coordinate neighborhood of M and let A : U — > G be a 
canonical frame along /. We show that a first order deformation i? : M 2 — > G is of 
the second order if and only if A = BA : [7 — > G is a canonical frame along / such 
that 

From Theorem 12. 51 we know that A is such that 

(2.11) <5o=ao, a\ = a\. 

We also know that the frame fields A and A' = B(p)A satisfy 



(2.12) 
where 



(io,A 1 )| p = (^,A' 1 ), 

(Mo, *io)b = (H. ^i)Ip + (4» a 'i)\pPi 



I)i= H-a°o)\ P 

! (aj -a\)\ p (a\ -a\)\ p 



Lemma 12.21 implies that B is a second order deformation if and only if, for every 
P G U, there exists 



92= J A e^(M)| p ® fl [(2,R) 
V °o °i / 

such that 

(2.13) (8 2 A , 8 2 A 1 )\ P = (8 2 A' , 8 2 A\)\ P + 2(5A' , SA{)\ pPl + (A' , A\)\ pP2 . 
Equation (|2.13(l . when written out, gives 

f S 2 A \ P = 5 2 A' \ P + 28A' \ P (&% - <)\ P + 8A[\ p (al - 4)\ p 
(ota) J + A 'o\p a a + A i\p a o ^ 

[ ' ' I 5 2 A^^5 2 A%^25A' \ p (a\-al)\ p + 8A l 1 \ p (a\-a\)\ p 

{ +A' a \ p a a l +A\\ p a\. 

On the other hand, from the Maurer-Cartan equations of A and the fact that 
A\ p = A'\ p , we compute 



(2.15) 



S 2 A \p = lX A 'o\ P + 7oIp^'iIp +li\p A 2\ P + 7o\p A 's\p + 7oIp4U 

8 2 A 1 \ p = ^\ p A 'o\p + ll\p A 'l\p + l!\p A 2\ P + ll\p A ' 3 \p + 7l Ip^U 
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where 



f 7o° 


= Sa% + 




a\a\ - 




To 1 


= <5aJ + 


agaj + 


aja? - 


- a^a 


7o 2 


= aj"i 


f agajj, 






7o 3 


= (Jag + 


6P al, 






< T« 


= "0^0 . 








7? 


= (Sa? + 


a\al + 


5ja?- 


V fif d 


71 1 


= Sa\ + 


+ 


a}a} - 


- a 2 a 


7i 2 


= Saf + 


a\a\, 






7? 


= a^fig 








, 7i 4 


~ 2 ~ 2 

= afaf. 









Using the Maurer-Cartan equations of A' , (|2.14|l can be written as 



5 2 A' 



A) Ip^oIp ' 
* 2 Ai| p = /3?| p ^| p - 



OlP 



' A) Ip-^i lp ' 
■^Ip^'iIp- 



p 

21 4' I . 
P 2lP 



' lp^3 lp 
' At Ip^lp 



7o 5 Us 



5lP' 



Sa° 
Sal 



*0"1 



](d[]-aS]) + 2 a ?( C i -a ) + a )| p , 



ala\ + 2a\{al-al))\ p 



3 + K^o" - «o) + 2 «i(«o - «o) + ^o)Ip= 



8a\ 
Sal 



a° al+2a 3 (a -a° ))\ p , 



«?«8 
"l^o 
a}a! 2 



.,1^,0 



2^,0 



2 1 

afa$ 



2al(&\ - a\))\ p , 
2aUa° 1 -a° 1 ))\v, 



2a°( 
■2ajl 



5? 
o? 



2a?(aJ 
2ai(a^ 



oi) 
a\) 



(2.16) 

where 

P°o = 

0o = 

PI = 

/?o 3 = 

/?o 5 = 

# = 

# = 

# = 
/?1 3 = 

# = 

Form (12.151) 
and only if 

(2.17) 



The last two equations of l|2.17|l yield 
(2.18) 

Computing the exterior derivatives of 12.18JI and using the structure equations, we 
obtain 

(2.19) a\ A a\ = <5? A a\ = 0. 

Differentiating the equations in (|2.17(l , and using again the structure equations, we 
see that 



a\al)\ p . 
(|2~TB|l and (|2~TT|) . 



it follows that B is a second order deformation if 



a 1 


(o - 


«5) 


= —a a 


a ] 


(«?- 


o?) 


= a 2 a%, 


a 1 


(ai- 


oi) 


= o, 


a ] 


(58- 


«8) 


= 0. 



0' 



a 2 A (aj - aj) + a 1 A a\ = 0, 
a 1 A (a? - a?) - a 2 A a\ = 0. 



This implies that a\ vanishes identically, Furthermore, from the first two equations 
of l|2~T7jl we get 



a\ 



0. 



This yields the required result. 



□ 



DEFORMATION OF SURFACES IN LIE SPHERE GEOMETRY 



13 



Taking into account Ijl.l2|l . we have 

Corollary 2.8. Let /, / be nondegenerate Legendre surfaces and let A be a canon- 
ical frame along f. Then f,f are non-trivial second order deformations of each 
other if and only if there exists a normal frame A along f such that 

(2.20) a l = a l , a 2 =a 2 , 

(2.21) a® — a!} = wia 1 , a\ — a\ = W2Ct 2 , a® — ajj = —W201 1 + wia 2 , 
for smooth functions W\, W2 such that (wi) 2 + (W2) 2 7^ 0. 

Remark 2.9. If /, / are non-trivial second order deformations of each other, then 
from the structure equations of the canonical frames A and A, it follows that the 
g- valued 1-form rj = a — a satisfies 



(2.22) df] + aAr] + r]Aa = 



We can summarize the previous results in the following. 

Theorem 2.10. Let f,f : M 2 — > A be non- congruent, nondegenerate Legendre 
immersions. Then, the following statements are equivalent: 

(1) / and f are non-trivial second order deformations of each other. 

(2) there exists a bundle isomorphism B : T(f) — > 3~(f) such that 

w L =B*(u> 1 ), uj 2 =B*(Q 2 ). 

(3) / and f induce the same canonical coframe on M . 

(4) / and f have the same quotient of cubic to quadratic forms, that is, 

(2.23) = 

The equivalence of (1), (2), and (3) is a direct consequence of Theorem 12 .71 As for 
the equivalence with (4), if l|2.23|l holds, there exist canonical frames A and A along 
/ and /, respectively, such that a 1 = a , a 2 = a 2 . Since /, / are not congruent, 
this yields $FH\ . 

Example 2.11 (Isothermic nets). Let U C M. 2 be a simply connected open set 
with coordinates (u, v). A net is a two-parameter smooth immersion F : U — > K 3 
satisfying F uv ■ F u x F v — 0. A net F is isothermic if F is a conformal map, that is, 
(u, v) are both principal and isothermal coordinates. Isothermic nets parametrize 
isothermic surfaces. Examples of isothermic surfaces include quadrics, surfaces 
of revolution, cones, cylinders and constant mean curvature surfaces. The main 
local differential invariant of an isothermic net is the Calapso potential, that is the 
positive function (p defined by 

ip 2 (du 2 + dv 2 ) = -(&!- k 2 ) 2 dF ■ dF, 

where k\ and k% are the principal curvatures. The Gauss-Codazzi equations imply 
that if is a solution of the Calapso-Rothe equation: 

A(ip~ 1 ip U v)+2(f 2 )uv = 0. 

Denote by / : U — * A the Legendre lift of F and let ip — log(<^). If ip u ip v ^ 0, then 
/ is nondegenerate and the corresponding canonical coframe takes the form 



t' 1 = \/ip u (?Pv) 2 dv, a 2 = y/ (il>u) 2 ipv du. 
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Let W be a smooth function such that a v — d(e 2 ^W), where a v is the closed 
1-form 




The Calapso potential and the function W give a complete set of invariants for 
the isothermic net with respect to the conformal group that is, ip and W 

determine F up to a conformal transformation. One of the most important features 
of isothermic nets is the existence of a spectral transformation. This transformation 
was independently discovered by P. Calapso and L. Bianchi, who introduced it as 
the T- transformation. Given a real constant m S R, the T m -transform T m (F) of F 
can be characterized, up to conformal transformations, by 



Thus the Legendre lifts of the T-transforms of F have the same canonical coframc 
and are not congruent (see Remark |4. 21 and (|4.1l0 . This shows that the Legendre 
lifts of isothermic nets are deformablc. 



Example 2.12 (L-Isothermic nets). Another class of deformable surfaces is given 
by the Legendre lifts of L-isothcrmic nets. A net F : U — > R 3 is said to be L- 
isothermic if the Gauss map n : U — ► S 2 is conformal with respect to the third 
fundamental form, that is, (it, v) are principal coordinates which are isothermal with 
respect to the third fundamental form. L-isothermic nets parametrize the class of 
L-isothermic surfaces. Examples include minimal surfaces in R 3 and molding sur- 
faces [201 ■ The study of L-isothermic surfaces goes back to the work of Blaschke 
and presents many analogies with that of isothermic surfaces. For instance, L- 
isothermic surfaces admit a spectral transformation which is the analogue of the 
T-transformation for isothermic surfaces |18|. We briefly recall some basic proper- 
ties of L-isothermic nets and show that their Legendre lifts are deformable. The 
Blaschke potential of F is the positive function (p defined by 



In this case the compatibility condition arising from the Gauss-Codazzi equations 
is the Blaschke equation 



Let / be the Legendre lift of F and ip = log(y). In the nondegenerate case, which 
amounts to ipu^Pv 0, the canonical coframe of / can be written as 



fT m (F) = tPF) WT m (F) = Wf + me 



(p 2 (du 2 + dv 2 ) = - ( — ] dn - dn. 




(2.24) 




a 1 = \/ {ip u ) 2 i>vdu, a 2 = fj4i u (^ v ) 2 dv. 
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In addition to the Blaschke potential, the other local differential invariant of F is 
a smooth function W defined by a v — d (e 2 ^W), where 

a v = -e 2 ^ Q (e- 2 ^M) u + (e" 2 ^)) du 

+ <?* Q (e-*+W) v + *l>* (e- a *AV»)) dv. 

Given m E R, the T m -transform T m (F) of F can be characterized (up to Laguerre 
contact transformations) by 

<PT m (F) = <Pf, Wx m (F) = Wf + me~ 2 ^. 

The Legendre lifts of the T-transforms of F have then the same canonical coframe 
and are not congruent (see Remark 14.21 and H4.ll) - ). from which follows that the 
Legendre lift of an L-isothermic net is deformable. 



3. Infinitesimal deformations and deformable surfaces 

Infinitesimal deformations. On the one hand, if / and / are non-trivial defor- 
mations of each other, then r) — a — a never vanishes and according to (|2.22() 

(3.1) 5\u:=A v A- 1 

is a closed 1-form with values in g, for every canonical frame A along /. Moreover, 

(3.2) D\ v := [AA- 1 ] 
defines a smooth map D : M 2 — > G/Z2 such that 

D~ 1 dD = 5. 

On the other hand, let / : M 2 — > A be a nondegenerate Legendre immersion and 
define 77(101, to 2 ) <= ^{U) <£> Q by 



(3.3) 77(701,102) = 



/o 








TTJia 1 


— T/^a 1 + 7«ia 2 





\ 








702 a 2 








702a 1 — TOia 2 
















702 a 2 






















luia 1 
























\o 

















/ 



for smooth functions w±, w%. Note that 77 takes values in the abelian subalgebra 

a = {T e B I T(eo) = T(ei) = 0, T(e 2 ) a Clj T(e 3 ) cx e }. 

From (j2.22jl . it follows that the 1-form Ar\A~ x £ S7 1 (C7) ® g is independent of A. 
Thus, there exists (5 <E fi x (M) ® g such that = ArjA^ 1 . 

Definition 3.1 (Infinitesimal deformations). We say that 77 is an infinitesimal 
deformation of / if 5 is closed. Let A/ denote the set of infinitesimal deformations 
of/. 

We are now in a position to characterize the Legendre surfaces which admit 
non-trivial deformations in terms of infinitesimal deformations. 
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Theorem 3.2. Let M 2 be simply connected. Then a nondegenerate Legendre im- 
mersion f : M 2 — > A admits non-trivial deformations if and only if A/ 7^ 0. 

Proof. If / is a non-trivial deformation of /, then 77 = a — a defines a non-zero 
infinitesimal deformation. Conversely, let n be a non zero infinitesimal deformation. 
Then, S G fl 1 (M) (g> g is a non-zero closed 1-form and there exists D : M —> G such 
that D~ 1 dD = 5. Note that the map / :j)6Mh • /(p) G A is a non-trivial 
deformation of /. □ 

Remark 3.3. Note that for every non-zero r\ G Aj there exists a non-trivial defor- 
mation / which is uniquely defined by / and the corresponding infinitesimal defor- 
mation, up to the action of G. Moreover, as Af is a real vector space, given 77 G A/ 
and r G R, rrj is another infinitesimal deformation. Therefore, the deformations of 
/ arise in one-parameter families. In other words, deformable surfaces do have a 
spectral transformation. This suggests the existence of a Backlund transformation 
for deformable surfaces. 

Infinitesimal deformations and parallel sections. Let / : M 2 — ► A be a nonde- 
generate Legendre immersion and consider the gt(3, R)-valued 1-form 

/ -2{2q l a 1 - q 2 a 2 ) -a 1 

(3.4) cr = -2( 9 ia 1 - 2q 2 a 2 ) a 2 

V 2(p 2 -l)a 2 -2(pi-l)a x -S^a 1 - q 2 a 2 ) 



Definition 3.4 (a-connection). The form (|3.4|l defines a linear connection 

D a w := dw + aw 

on the trivial bundle M 2 x R 3 , for each smooth function w : M 2 — > R 3 . Z? <T is 
referred to as the a-connection of /. By we denote the vector space consisting 
of all parallel sections of the cr-connection. 

A simple computation shows that the curvature form n a of the cr-connection is 
given by 

/ \ 

(3.5) fT = J a 1 A a 2 , 

\ 2dip 2 2d 2 pi 3{p 2 -pi) J 

where for a smooth function g : M — ► R we write dg = dig a 1 + d 2 ga 2 . 

For every w — (wi,w 2 ,w 3 ) : M 2 — * R 3 , let r](wi,w 2 ) be defined by l|3.3() . 

Proposition 3.5. nondegenerate Legendre immersion f is deformable if and 
only if there exists a parallel section of the a-connection. Moreover, the mapping 

w EVf — > i](wi,w 2 ) G A/ 

is an isomorphism of vector spaces. 

Proof. Let / be a deformation of /. Then a 1 = or, a 2 = 5 2 and 

CH3 — 53 = wia 1 , a 2 — a 2 = w 2 a 2 , a° — = —w 2 a l + w\a 2 , 
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for smooth functions wi, W2 such that (wi) 2 + (u>2) 2 7^ 0. Differentiating and using 
the structure equations, we get 

d{wia 1 ) = — oiq A Wia 1 , 
d(w20t 2 ) = — W2d\ A a 2 , 

d[— W2Q 1 + w\a 2 ) = — (ctg + a}) A (— wia 1 + w\a 2 ), 

which implies 

(dwi + 2wiag) A a 1 = 0, 
(dw2 + 2w 2 a\) A a 2 = 0, 

(dwi + 2w!0(q) A a 2 - (dw 2 + 2w 2 a}) A a 1 = 0, 
By Cartan's Lemma, there exists a smooth function W3 : M 2 — > M such that 
dw\ = — 2w\a { Q + w^a 1 , dw2 = —2w2a\ — w^a 2 , 

that is, 

du>l — 2wi(2gia 1 — q2Ct 2 ) — w^a 1 = 0, 
du)2 — 2w2{qiOt 1 — 2q2a 2 ) + w^a 2 = 0. 

Taking the exterior derivative of these equations yields 

dw 3 + 2(p 2 - l)a 2 wi - 2(pi - l)a 1 w 2 - 3(gia 1 - q2a 2 )w 3 = 0, 

which shows that (wi, W2, W3) is a parallel cross section of the cr-connection. 

The converse follows by observing that 77(101, W2) defines an infinitesimal defor- 
mation if w — (u>i, W2, W3) is a parallel section. 

□ 

Remark 3.6. Nondegenerate deformable Legendre surfaces may be classified in 
terms of the dimension of Af . For a generic / the space Af is one-dimensional. It is 
not too difficult to show that surfaces with a three-parameter family of deformations 
can be generically obtained as deformations of the Legendre lifts of molding surfaces 
in K 3 . It is not at all clear if there exist Legendre surfaces with a two-dimensional 
family of deformations. But, if they exist then they can be reconstructed from the 
integral manifolds of a Pfaffian system with empty complex characteristic variety. 
Thus, this class is either empty, or it depends on a finite number of parameters. 



4. Examples 

Example 4.1 (Generic deformations). Let /, / be deformations of each other and 
let r\ be the corresponding infinitesimal deformation. According to the notations of 
Corollarv l2.8l we say that the deformation is generic if w\W2 is nowhere vanishing. 
In this case, there exist local parameters (u, v) on M such that the canonical coframe 
takes the form 

a 1 = {/ {ip u ) 2 ip v du, a 2 = {^jjjjjjyfdv, 

where ip : M 2 — > K is a smooth function. The T-transforms of isothermic and 
L-isothermic nets are examples of generic deformations. 
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Remark 4.2. In the case of an isothermic, respectively, L-isothermic surface, is 
the Calapso, respectively, the Blaschke potential. This can be seen by applying the 
reduction procedure recalled in Section^t© their respective conformal and Laguerre 
canonical frames. For this we need to assume the nondegeneracy condition i/i u ^0, 
*l>v £ 0. 

A direct computation shows that the tr-connection a — {<J b a ) is given by 

a\ = a\ = 0, o\ = -a 1 = - \J (ip u ) 2 i/j v du, of = a 2 = y/i/j u (tp v ) 2 dv, 



and 



du 




It is a computational matter to verify that the parallel section w € V$ associated 
to rj is given by 

(4.1) w = f (y(iPu)- 4 (4> v )- 2 ,-V(ipu)- 2 (A)-\ 2(V^)- 2 (V^)- 2 V, lt ,) . 

Remark 4.3. Note that w 1 ^ 2 ^ 0, which characterizes such surfaces. Moreover, 
in the case of isothermic and L-isothermic nets, w originates the one-parameter 
family of non-trivial deformations considered in Examples 12 . 1 II and 12 . 1 21 

Example 4.4 (Special deformations). A deformation is said to be special if W1W2 
vanishes identically. Deformable surfaces which admit a special deformation play 
the role of the Rq surfaces in projective differential geometry. Let w £ V '/ be 
the parallel section associated to the deformation. Then w 1 w 2 and w 3 vanish 
identically. Two cases may occur: either w 1 = 0, or else w 2 — 0. Without loss of 
generality, we assume that w 2 — 0. From the structure equations of the canonical 
frame, it follows that / admits a special deformation with w 2 = if and only if 
P2 = 1. The degree of generality of this class of Lcgendre immersions will be clear 
in the last section; we will see that they are rather special. Notice that on M 2 there 
exist local parameters (u, v) with respect to which the canonical coframe is given 

by 

a 1 = i> 2/3 du, a 2 = tp 1/3 dv, 
for a smooth function ip such that w 1 — ±tp~ 2 / 3 . 

Example 4.5 (Legendre surfaces with 3-parameter families of deformations). In 
this example we consider the Legendre immersions with flat cr-connection. This 
example has been discussed by Ferapontov in (TJ (see also Finikov ^2])- From 
(|3.5(l we see that Q' 7 = if, and only if, pi = p2 — c, for a constant c. According 
to Remark ll .41 we have 

Proposition 4.6. The 3-web defined by the canonical coframe is flat if and only if 

Pi =P2- 

Remark 4.7. From this we infer that deformable diagonally cyclidic surfaces are 
characterized by having p\ — p2 = const. 
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Since the web-connection is flat, then there exist local coordinates (u,v) such that 

(4.2) a 1 = e^du, a 2 = e^dv, 
where ip is a smooth function. From this we see that 

(4.3) <7i = -V-«e-^ q 2 =i, v e-^. 
This implies 

, . f = 2?A„du + ^efo, 

From the structure equation we deduce that tp is a solution of the Liouville equation 
(4.5) V™ = (l-c)e 2 ^. 

The other compatibility conditions arising from the structure equations are: 

!da\ — —a\ A ot\, 
da° = -a° A o%, 
da\ = -(ag +a}) A a°, 

where 

!ag = Adu + ce^du, 
«2 = ce^du + Bdv, 
a% = -Bdu + Adv, 

for two suitable smooth functions A, B (essentially the invariant n and r 2 )- It is 
now a computational matter to verify that l|4.6|) and (|4.7fl can be written as follows 

( A v = —Aip v + Sce^ipu, 
(4.8) < B u = -Bi> u + 3ce^ij v , 

[ A u + B v = -3Ai> u -3Bip v . 

We may rewrite (|4.8|l in the form 

f dA= (#-3A^„)du+(3ce^-^«)<^, 
1 j \ = (3ce^„ - Bip u )du - (R + 3Bip v )dv, 

where R is a suitable smooth function. Differentiating 14.9( 1. we get 

um) { R u = -RiJj u -2(l~c)e 2 ^B-3ce^(ip vv +4iP 2 vl 

( ' \ R v = -Ri/> v + 2(1 - c)e 2 ^A + 3ce^„„ + 4*ft). 

The compatibility conditions of this system imply 

(4.11) Zce^ (ip uuu + ip vvv + 10tp u ip uu + 10ip v ij} vv + 8(ipl + t/> 2 )) = 0. 

Two cases may occur: either c = 0, or c ^ 0. In the first case the only compatibility 
condition is the Liouville equation, which may be viewed as the soliton equation 
of this class of surfaces: its solutions depend on two arbitrary functions in one 
variable. In fact, the general solutions of the Liouville equation are of the form 

(4.12) { **=^(^> if 

V ' I $ 2 = X'fi, if c = 1, 



20 



EMILIO MUSSO AND LORENZO NICOLODI 



where $ = e^, A is a function of the variable u, and /i is a function of the variable 
v. Thus, if c ^ 0, it follows that ijj is a solution of the overdetermined system 

ipuuu + ipvw + lOipuipuu + Wtpvipw + 8(ipl + iPl) = 0, 
ipuv = (l-c)e 2 ^. 

If we use the potential $ = e^, then (|4*T3)) means that $ is a function of the form 
g32|| such that 



(4.13) 



(4-14) (* 2 ($ 2 ) J u J u + ($ 2 (* 2 ) J„J o = 0. 

Let first examine the case c = 1. We take A and ftasa new variable and we think 
of A' and \x as a functions of A and [i respectively. With respect to these new 
coordinates the equation l|4.14|l is equivalent to 

(4-15) dl xx (\' 3 ) + dl^)=0. 

This implies that A and fj, satisfy the ODE 



(4.16) 



(£) 3 3 -^). 

(ft) =w. 



where P and Q are polynomials of order < 3 with the opposite leading coefficients. 
One may proceed in a similar fashion also in the general case. Substituting 

(4.17) $ 2 - 1 A ' A 



1 - c (A + /i) 2 
in H4.15JI . we obtain 



;(A + M) 3 -tt^ + -7^ -4(A + M ) 2 ' 



3 V V ^ ^3 y v y dx2 ^ 2 

{ ' /rlX' 3 dii 3 \ 

+ 20(A + M) + ^) - 40(A' 3 + A 3 ) = 0. 

Applying the operator d XXXflflfl to (|4.18|) . we get 

This implies that A' 3 and /z 3 are polynomials P(A) and Q(p) in A and /i, respectively, 
of order < 6. Such polynomials satisfy l|4.18|l if and only if Q(T) = -P(-T). Thus, 
A and /i satisfy the ODE 

r (^) 3 = p( A ) 

(4.20) { y;u 1 ; ' 

\ (ft) = -p(-a, 

where P is a polynomial of degree < 6. 

The 3-parameter family of infinitesimal deformations. We finish this example 
by discussing the 3-parameter family of infinitesimal deformations of such surfaces. 
The CT-connection is given by 

Atp u du + 2ip v dv -e^du 

(4.21) a=\ i[> u du + 4ip v dv e^dv 
2(c-l)e^dv -2(c-l)e^du Mip 
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where the potential function is given either by 

e 2 ^ = A'A, 



l x'ii 



(4.22) 
or by 

(4.23) 

y J l-c(A + ^) 2 

It is now a computational matter to verify that the parallel sections of the a- 
connection are given by: 

• If c = 1 (i.e., e 2 ^ = A'A) 



(4.24) 



s e 



-2t/> 



I': 



s 2 e- 2 ^/iA 



A_ 

A' 



2e~^ 



where sq, si and S3 are real constants. 

. If c ? 1 (i.e., e 2 ^ = j^j^fa), we have 



(4.25) s e 



-20 



-1 
i' 

2e~' / ' 



sie 



( h 

LL 

e~*(M-A) 



s 2 e 




where Scb s i an d s 2 are real constants. 



5. The differential system of a deformation 

It was shown in |15j that the problems of k-th. order deformation are equivalent 
to solving certain exterior differential systems on appropriate spaces. Naturally, 
for each concrete homogeneous space there is a specific problem to solve. We shall 
derive this result in the case at hand. 

Let P = (G/Z 2 ) x I 6 x I 3 and denote by (<?i,<j , 2,Pi,J?2,?"i ) ?*2) and (101,102,103) 
the coordinates on R 6 and R 3 , respectively. Let (wj) be the Maurer-Cartan forms 
on G/Z 2 and put a 1 — Wq, a 2 = uj\. On P, we consider the exterior differential 
1-forms 77 , . . . , 77 16 defined by 

= <4, V 2 = W 2 , if = ul, 

(5.1) { if — uj 2 , f] 5 = ujQ~a 2 , rf = Ld^-a 1 , 



(5.2) 




2q 1 a 1 - q 2 a 2 , 
qia 1 - 2q 2 a 2 : 



= W3 — ria 1 — p 2 a 2 , 

(5.3) ^ r) 1 ' 2 = uj\ — pia 1 — r 2 a 2 , 

= + r 2 a x — r\a 2 , 

?7 14 = dw\ — 2w\{2qio 1 — q 2 a 2 ) — w^a 1 , 

(5.4) { f] 15 = dw 2 - 2w 2 (qia 1 - 2q 2 a 2 ) + w 3 a 2 , 
r/ 16 = dw 3 + 2w\(p 2 — l)a 2 — 2w 2 (pi — l)a 1 — 3io 3 (g , ia 1 — q 2 a 2 
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Definition 5.1. Let (X, a 1 A a 2 ) be the exterior differential system on P generated 
by T) 1 , . . . , n 16 with the independence condition a 1 A a 2 / 0. We call (I, a 1 A a 2 ) 
the differential system of a deformation. 

Remark 5.2. The integral manifolds of (X, a 1 A a 2 ) are 2-dimensional immersed 
surfaces ([A], q,p, r,w) : M — > P such that 

• / = L4o A Ai] : M — ► A is a nondegenerate Legcndre immersion. 

• [A] : M — > G/Z2 is the canonical frame along M. 

• 9,p,r:M->I 2 xl 2 xl 2 are the invariant functions of /. 

• w : M — > R 3 is a parallel section of the a-connection of /. 

Thus, the deformations of a nondegenerate Legendre immersion may be regarded 
as the integral manifolds of the differential system (X, a 1 A a 2 ). 

From the Maurer-Cartan equations we obtain the quadratic equations of the 
system, which are (modulo X) 

(5.5) da 1 = —q 2 a x A a 2 , da 2 = — qia 1 A a 2 , 

(5.6) dn 1 = --- = drf = 0, 

j drf = 2dqi A a 1 - dq 2 A a 2 + (-1 + p 2 - q^)^ 1 A a 2 , 
\ dn 10 = dqx A a 1 - 2dq 2 A a 2 + (1 - p x + qiq^a 1 A a 2 , 

= -dri A a 1 - dp 2 A a 2 + (2nq 2 + Sqip^a 1 A a 2 , 

(5.8) { dn 12 = -dpi A a 1 - dr 2 A a 2 + {3piq 2 + 2r 2 <7i)a 1 A a 2 , 
= dr 2 A a 1 - dri A a 2 + 4(<?in — q^^a 1 A a 2 , 

(5.9) dn 14 = -2widf] 9 , dn 15 = -2w 2 df] w 

(5.10) dn le = -w 3 (dn 9 + dn m ) + 2widp 2 Aa 2 -2w 2 dpiAa 1 +3w 3 (p 2 -pi)a 1 Aa 2 . 

From this, we see that the differential ideal X is algebraically generated by the 
1-forms T) 1 ,. .. , r] 16 and by the differential 2-forms 

11 1 = 2dqi A a 1 - dq 2 A a 2 + (-1 + p 2 - qiq^a 1 A a 2 , 

11 2 = dqi A a 1 - 2dq 2 A a 2 + (1 - pi + qiq^a 1 A a 2 , 

11 3 = dri A a 1 + dp 2 A a 2 - (2riq 2 + Sqip^a 1 A a 2 , 
ft 4 = dpi A a 1 + dr 2 A a 2 — (3piq 2 + 2r 2 qi)a 1 A a 2 , 
O 5 = dr 2 A a 1 - dri A a 2 + 4(qiri - q 2 r 2 )a x A a 2 , 
fl 6 = 2widp 2 A a 2 — 2w 2 dpi A a 1 + 3w 3 (p 2 — pi)a x A a 2 . 

Remark 5.3. Notice that the differential system (X, a 1 A a 2 ) is quasi-linear. 

To discuss the involutivity of the system we compute the polar spaces of 1- 
dimensional integral elements. On P, we consider the coframe 

(5.12) (a 1 , a 2 ,!? 1 , . . . , 77 16 , dqi, dq 2 , dpi, dp 2 , dri, dr 2 ) 

and its dual frame field 

d d d ddddddd\ 




(5.11) 



(5.13) 



da 1 ' da 2 ' dn 1 ' ' dn 16 ' dqi ' dq 2 ' dpi ' dp 2 ' dri ' dri , 
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The 1-dimensional integral elements E of the system are of the form 

d d d d 

(5.14) E=[V(a,b,c,d)], V(a,b,c,d) = a j -^j+b j —+c j —+d j —. 

Thus, the manifold of 1-dimensional integral elements Vi = P x MP 7 . A 1- 
dimensional integral element is admissible if and only if (ai) 2 + (a 2 ) 2 7^ 0. The 
polar equations of a given E £ Vi are 

(5.15) ?f = 0, a = l,...,16 
and 

(5.16) i v ft =O, /3 = 1,...,6, 
which read 

2axdqi - a 2 dq 2 = [a 2 (l - p 2 + qiq%) + 2& 1 )]a 1 + [ai(p 2 ~ qiq 2 - 1) - b 2 ]a 2 , 
aidqx - 2a 2 dq 2 = [bi - a 2 (l - pi + qiq^a 1 + [a x (l - pi + qiq 2 ) - 2b 2 ]a 2 , 
axdrx + a 2 dp 2 = [d\ + a 2 (2riq 2 + iqip^a 1 + [c 2 - a x (2riq 2 + 3qxp 2 )}a 2 , 
aidpi + a 2 dr 2 = [ci + a 2 (3piq 2 + 2r 2 qi)]a 1 + [d 2 - ai(3piq 2 + 2r 2 qi)]a 2 , 
a 2 dri - aidr 2 = [4a 2 ((?iri - 92^2) - d^a 1 + [di - 4ai(qiri - q 2 r 2 )]a 2 , 

3 3 
w 2 a\dp\ - w\a 2 dp 2 = [w 2 a - -a 2 w 3 (pi - P2)]a + [-aiiv 3 (pi - p 2 ) - wic 2 ]a 2 . 

Therefore, if 0102(^1 (ai) 2 — w 2 (a 2 ) 2 ) ^ 0, the polar equations are linearly inde- 
pendent and the dimension of the polar space H(E) of E is 2. Thus H(E) is the 
only 2-dimensional integral element that contains E. This shows that the system 
is in involution and that the general integral submanifolds depend on six functions 
in one variable. 
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